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We present a significantly improved scheme of entanglement detection inspired by local uncer-
tainty relations for a system consisting of two qubits. Developing the underlying idea of local
uncertainty relations, namely correlations, we demonstrate that it’s possible to define a measure
which is invariant under local unitary transformations and which is based only on local measure-
ments. It is quite simple to implement experimentally and it allows entanglement quantification in
a certain range for mixed states and exactly for pure states, without first obtaining full knowledge
(e.g. through tomography) of the state.
I. INTRODUCTION
Entanglement is one of the key resources in quantum
mechanics and in particular in quantum communication
and quantum information applications. Its appearance
and behavior was discovered and discussed a long time
ago [1, 2], but it was only since the 1980s that appli-
cations of entanglement, like quantum teleportation [3],
quantum cryptography [4, 5] and quantum algorithms
[6, 7, 8], were developed and became the focus for in-
tense research.
An important question which is not answered in full
generality yet is: Assuming a given state, how much
“profit” (in terms of entanglement) is inherently hidden
in that state that could be used to perform some of the
tasks mentioned above? A state with higher entangle-
ment should allow us to perform a task in some sense
better than a state with lower entanglement. Therefore
a lot of effort has been spent during the last two decades
to investigate entanglement further, and in particular, to
quantify it [9, 10], so that states can be quantitatively
ranked. For the case of two qubits, substantial progress
has been achieved and entanglement of formation and
concurrence are widely accepted as well behaved and op-
erationally meaningful measures for entanglement [11].
However, for higher-dimensional cases and multipartite
states the situation gets more complicated and, despite
some progress, the search for good measures is still going
on [12, 13, 14].
Even if good measures exist for the case of two qubits,
they require, in general, full knowledge of the density ma-
trix for a given state to be determined. This is achieved
by full state tomography [15], a cumbersome and time-
consuming experimental measurement process. A way
to avoid these inconveniences is to use so-called entan-
glement witnesses [16, 17, 18], which can detect specific
entanglement, but, on the other hand, are not able to
quantify it. An alternative to entanglement witnesses are
local uncertainty relations (LUR) [19]. They are typically
easy to implement experimentally, but unfortunately no
known LUR can detect all entangled two-qubit states,
and in general they do not give quantitative measure of
entanglement for the states they do detect. Assuming
that one has an unknown state, it is therefore desirable
to quantify its entanglement as well as possible, with the
lowest possible experimental effort.
In this paper we will extend the idea of local uncer-
tainty relations for two qubits and thereby overcomemost
of its drawbacks, but keeping it’s advantages. We will
derive a measure that is invariant under local unitary
transformations, and which quantifies entanglement for
all pure states and in some range for mixed states. An ad-
vantage is that the measure only requires local measure-
ments (in contrast to [20], for example), facilitating the
experimental effort. A mathematically similar approach
as ours has been taken by de Vicente [21], who use the
Bloch-vector representation of bipartite states and the
Ky Fan norm to write an inequality that can only be
broken by nonseparable states. However, Vicente does
not address how his entanglement criteria can be exper-
imentally implemented.
Compared to state tomography our measure will re-
quire the same number of measurement-settings for the
case of two qubits (9 settings), but we conjecture sig-
nificantly less measurement-setups in higher-dimensional
systems. On the other hand one can always calculate the
concurrence after a state tomography, since one has full
knowledge of the state. The simplest LUR requires only
2 measurement-settings [22] but LURs are (except some
special cases) not able to quantify entanglement.
In the next section we will motivate the measure start-
ing from local uncertainty relations and then discuss it’s
properties. After that we will investigate the case of pure
states in section III and the case of mixed state in section
IV, before summarizing the results and discuss still open
questions in section V.
II. DEFINITION AND IMPLEMENTATION
Before giving the definition of the new measure, we
will motivate it by giving a short review of entangle-
ment detection through local uncertainty relations. Even
though the theory of local uncertainty relations has been
extended to multipartite systems by Gu¨hne [23], we will
only cover bipartite systems here. Having two systems A
and B, one can choose sets of observables {Aˆi} and {Bˆi},
2acting solely on the corresponding system. In each set of
observables it is assumed that the observables have no
joint eigenvector. The local variances are then given by
δ2Aˆi ≡
〈
Aˆ2i
〉
−
〈
Aˆi
〉2
, and similar for δ2Bˆi. These vari-
ances are nonnegative, and for the variance δ2Aˆi to be
zero the system has to be in an eigenstate of Aˆi. Because
the operators {Aˆi} have no joint eigenstates the variance
δ2Aˆj for this state must be positive for all j 6= i. There-
fore, there exist a state (or a class of states) that have an
associated non-trivial value UA > 0 which is the greatest
lower limit of the sum of the variances. From this follows
that for any state the following inequality holds:
∑
i
δ2Aˆi ≥ UA. (1)
The same thing holds for the observables of system B
and we will define UB in the same way, so that
∑
i
δ2Bˆi ≥ UB. (2)
The operators Aˆi+ Bˆi can be defined to measure proper-
ties of the common system. One can show that the local
uncertainty relation
∑
i
δ2
(
Aˆi + Bˆi
)
≥ UA + UB (3)
then holds for all statistical mixtures of product states.
A proof for (3) for this class of states is given in [19].
Expanding the left hand side of Eq. (3) gives
∑
i
δ2
(
Aˆi + Bˆi
)
=
∑
i
δ2Aˆi +
∑
i
δ2Bˆi
+2
∑
i
C
(
Aˆi, Bˆi
)
, (4)
where the covariance term is defined as
C
(
Aˆi, Bˆi
)
=
〈
AˆiBˆi
〉
−
〈
Aˆi
〉〈
Bˆi
〉
. (5)
To reveal entanglement by not fulfilling inequality (3),
one can immediately see, that at least one of the covari-
ance terms has to be less than zero for such an entangled
state. Any single covariance term is bounded by
−
(
δ2Aˆi + δ
2Bˆi
)
≤ 2C
(
Aˆi, Bˆi
)
≤ δ2Aˆi + δ2Bˆi. (6)
Since both bounds can be reached with both mixed sepa-
rable and pure entangled states for any particular choice
of a pair of observables Aˆi and Bˆi, one has to look at
several covariances to detect entanglement. To give an
example, one can consider a two-level system, e.g., the
polarization states of spatially separated photon pairs.
A possible LUR in this case is
L3 = δ
2
(
σˆA + σˆB
)
0/90
+ δ2
(
σˆA + σˆB
)
45/135
+δ2
(
σˆA + σˆB
)
R/L
≥ 4, (7)
where the subscript 0/90 denotes measurements of hor-
izontal and vertical linear polarization. Assume that
the measurement eigenvalues for σˆA and σˆB are ±1.
This means that the possible measurement outcomes for
σˆA + σˆB are -2, 0, and 2. The subscript 45/135 denotes
similar measurements in a basis rotated by 45 degrees
and R/L denotes measurements of left- and right-handed
polarized photons. The relation (7) was investigated by
Ali Khan and Howell in [22] and L3 ≥ 4 is fulfilled by
all mixtures of separable states, but may be violated for
entangled states, the minimum of L3 being zero in this
latter case. The lower bound L3 = 0 is attained by the
singlet state (〈↑, ↓| − 〈↓, ↑|)/√2 because this state has
perfectly anticorrelated polarization if photon A and B
are measured in any same basis. Therefore L3 can de-
tect entanglement. Note, however, that L3 assumes a
shared spatial reference frame, because if A and B are
measured with the respective horizontal and vertical axes
unaligned, L3 will no longer be zero for the singlet state.
In addition, only a small fraction of the set of entangled
qubit states is detected by L3 and a local unitary trans-
formation of a given entangled state is sufficient to make a
violated LUR fulfilled, or vice versa, although the entan-
glement remains invariant per definition. As an example,
a local basis-state flip on either A and B (which is equiv-
alent to an interchange of the vertical and the horizontal
axis) results in the state (〈↑, ↑|− 〈↓, ↓|)/√2 for which L3
takes its maximum value eight, well over the threshold
for entanglement detection, which is four. This example
demonstrates the necessity of a shared spatial reference
frame. If we, on the other hand, were using a measure
which is invariant under local unitary transformations we
would not have to align our measurement setups, since
every local rotation can be described by a local unitary
transformation. Especially if the measurement devices
are located far apart this can lower the experimental ef-
fort significantly.
An attempt to rectify some of the problems with LURs
was done in [24], where an improved way of using lo-
cal uncertainty relations, so called modified local uncer-
tainty relations (MLUR), was proposed. These MLUR
could detect more states than LUR, but the main draw-
backs of local uncertainty relations, namely invariance
under local unitary transformations, remained. An ad-
vantage of LURs, compared to state tomography or en-
tanglement witnesses, is the relatively small experimen-
tal effort which is needed to implement them experimen-
tally. Therefore we propose in this paper a new measure
inspired by local uncertainty relations, which keeps the
advantages of LUR like low experimental effort, but gets
rid of some of the disadvantages of LUR, for example
being not invariant under local unitary transformations,
not detecting all entangled pure states or not quantifying
entanglement.
One realizes that the information of entanglement is
somehow coded in the covariances defined by Eq. (5),
since only they are responsible for violating a LUR. We
propose therefore for the case of two qubits to use the
3sum of all possible covariances between two local sets of
mutually unbiased bases, one for each qubit,
G =
3∑
i,j=1
C2
(
σˆAi , σˆ
B
j
)
, (8)
as a measure of entanglement. Here, σˆAi denotes the i:th
Pauli matrix (operator) for system A, and similar for B.
The Pauli matrices are
σˆ1 =
(
0 1
1 0
)
, σˆ2 =
(
0 −i
i 0
)
, σˆ3 =
(
1 0
0 −1
)
, (9)
whose eigenvalues are ±1. The Pauli matrices are trace-
less: Tr (σˆi) = 0 (for i = 1, 2, 3). In the following we will
denote the unity matrix as σˆ0:
σˆ0 =
(
1 0
0 1
)
. (10)
These four matrices have the property Tr (σˆiσˆj) = 2δij
for i, j = 0, . . . , 4. The measure of Eq. (8) is easy to
implement. Since
C
(
σˆAi , σˆ
B
j
)
=
〈
σˆAi ⊗ σˆBj
〉− 〈σˆAi ⊗ 1ˆB
〉〈
1ˆ
A ⊗ σˆBj
〉
,
(11)
one has only to count singles rates and coincidences. The
measurements can be performed locally on each system
and a total of nine measurement-settings are sufficient
(
〈
σˆi ⊗ 1ˆ
〉
and
〈
1ˆ ⊗ σˆj
〉
can be calculated from the other
measurements) to get all the results. Here, we would like
to point out that G is invariant under any local unitary
transformations. That is, G (ρˆ) = G
(
Uˆ ρˆUˆ †
)
with Uˆ =
UˆA ⊗ UˆB where UˆA (UˆB) operates only on subsystem
A (B). (G is also invariant under partial transposition.)
The invariance is a direct consequence of the fact that
our measure G can be rewritten as
G = 4Tr
{
(ρˆ− ρˆA ⊗ ρˆB)2
}
, (12)
that is, in terms of the Hilbert-Schmidt norm measure of
distance, where ρˆA denotes the density matrix of system
A after tracing over system B and similar for ρˆB [25].
Since any unitary transformation can be seen as a rota-
tion or mirroring of the basis vectors of a Hilbert-space
and a norm is invariant under rotation or mirroring the
basis, it follows that G is invariant under any local uni-
tary transformation. To see the equivalence between Eq.
(8) and Eq. (12) one can expand the density matrix ρˆA
as
ρˆA =
1
2
3∑
n=0
Tr
(
1ˆ ⊗ σˆnρˆ
)
σˆn (13)
and similar for ρˆB. ρˆ can also be expanded in the basis
defined by the operators σˆi as
ρˆ =
1
4
3∑
n=0
3∑
m=0
Tr
(
σˆAm ⊗ σˆBn ρˆ
)
σˆAm ⊗ σˆBn . (14)
Inserting the expansion (13) and its ρˆB counterpart, and
(14) into (12), and using the Pauli matrix relations writ-
ten just under (9) and (10), it is not difficult to rewrite
the ensuing equation in the form (8).
Note that, because of the local unitary invariance is it
not necessary to use the Pauli matrices in the definition
of our proposed measure in Eq. (8). Every local unitary
transformation of this mutually unbiased basis (MUB)
[26] works equally well. The invariance under local uni-
tary transformations also means that a shared spatial ref-
erence frame is no longer needed, because a local rota-
tion (a unitary transformation) will leave the measure
invariant. However, since it is sufficient to use the Pauli
matrices and since they are convenient from an experi-
mental and mathematical viewpoint, we will continue to
use them in this paper.
For pure states G is just a bijective function of the
well-established concurrence, whereas for mixed states G
relates a state to a certain range of concurrence. The
proof of these statements are given next.
III. PURE STATES
We will relate our measure to the well known concur-
rence in the case of pure states. For the proof we will
expand an ordinary pure two-qubit state into the eigen-
vectors |00〉, |01〉, |10〉 and |11〉 of the σˆA
3
⊗ σˆB
3
operator,
that is
|ψ〉 = a00 |00〉+ a01 |01〉+ a10 |10〉+ a11 |11〉
=
1∑
k,l=0
αkl |k〉A ⊗ |l〉B . (15)
The adjoint state can be written in a similar way and,
dropping the sign for the tensor product, we can expand
G =
3∑
i,j=1
(〈
σˆAi σˆ
B
j
〉2 − 2 〈σˆAi σˆBj 〉 〈σˆAi 〉 〈σˆBj 〉
+
〈
σˆAi
〉2 〈
σˆBj
〉2)
(16)
in a sum of products of the expansion coefficients αkl.
Recall now the results of Linden and Popescu [28],
where they derive the invariants of systems of different
dimensions under local unitary transformations. For the
case of two qubits they show that there are only two in-
variants:
I1 =
1∑
k,l=0
αklα
∗
kl (17)
I2 =
1∑
k,l,m,n=0
αkmα
∗
knαlnα
∗
lm. (18)
Evaluating the expansion of Eq. (16) performing con-
siderable trivial, but tedious, algebra (i.e. evaluating all
4the terms 〈·| σˆ |·〉 and making the summation), the result
is
G =
(
I2α + 8Iβ
)− 2Iα (I2α − 4Iβ)+ (I2α − 4Iβ)2 , (19)
where the first term in Eq. (19) corresponds to the first
term in the Eq. (16) and so on. The summation over i
and j is already included in each term. Iα and Iβ stand
for
Iα = |α00|2 + |α01|2 + |α10|2 + |α11|2 (20)
Iβ = (α01α10 − α00α11) (α∗01α∗10 − α∗00α∗11) (21)
= |α00α11 − α01α10|2 . (22)
One sees immediately that Iα = I1. If one looks at
Eq. (19) in further detail one sees that Iα is not just
a constant under unitary transformations, it is simply
the state normalization constant and therefore Iα = 1
for all states. One can, after some algebra, also show
that Iβ = (I
2
1 − I2)/2. Therefore Iβ is also an invariant.
This simplifies equation (19) to
G = 8Iβ + 16I
2
β = 4Iβ (2 + 4Iβ) . (23)
Knowing that 4Iβ = C2 [13], where C denotes the well-
known concurrence [11] for pure states, we finally get
G = C2 (2 + C2) . (24)
The concurrence is related to entanglement of formation
and having therefore a pure state, one can directly quan-
tify its entanglement by measuring G. For a pure state
G > 0 implies that the state is entangled. This is an
intuitive result because a separable, pure state cannot
display any covariance between local measurements.
IV. MIXED STATES
The relation between G and the concurrence that held
for the pure states in Eq. (24) is no longer valid for mixed
states. Instead, G can, in general, take any value in the
shaded region plotted in Fig. 1. That is, 0 ≤ G ≤ 3 or,
if we write it in relation to the concurrence, one has
C2 (2 + C2) ≤ G ≤ 1 + 2C2. (25)
The lower bound of this inequality is given by Eq. (24),
that is, any pure state has the lowest possible values of G
for a given amount of entanglement. The reason for that
is that correlations for pure states can only be given by
entanglement. (Note that the converse is not true. That
is, there are mixed states that also saturate the lower
bound of G.)
To find the upper bound of Eq. (25) we look at the
density matrix
ρˆu =


1/2 0 0 eiθγ
0 0 0 0
0 0 0 0
e−iθγ 0 0 1/2

 (26)
0.2 0.4 0.6 0.8 1
0.5
1
1.5
2
2.5
3
Concurrence
G
Limitfor entanglement detection
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FIG. 1: Bounds for G when plotted over the concurrence. See
text for more details.
with 0 ≤ γ ≤ 1/2 and θ an arbitrary real number. The
class of states defined by this density matrix interpolates
between maximally classically correlated states with no
entanglement (G = 1, C = 0 when γ = 0) and maximally
entangled (pure) states which have the highest correla-
tions of any states (G = 3, C = 1 when γ = 1/2). It is
reasonable to believe that this class of states has the high-
est value of G for any given amount of entanglement. Us-
ing the definition of G in Eq. (8) one finds that for these
states G(ρˆu) = 1 + 8γ
2. Calculating the concurrence
gives C(ρˆu) = 2γ and therefore we have G(ρˆu) = 1+2C2.
A simulation with many thousands of arbitrary states
shows that, indeed, no state is outside the range given
by (25). Hence, a value of G > 1 guarantees that the
system is entangled, since G of separable states (having
zero concurrence) cannot exceed unity.
Unfortunately, we don’t have any strict algebraical
proof for the limits of G at the moment although we
firmly believe, and can see clear arguments why the lim-
its are both sufficient and necessary. The problem is that
it is not known how to parameterize the entire class of
states with a given concurrence, let alone to find the max-
imum G of such a multiparameter class of states.
In general, G is an “entanglement witness” for mixed
states, since it can detect entanglement for a class of
states. But if one has a state with a high concurrence, G
can give more information. An example is given in Fig.
1. Imagine one measures a value of G = 2.5. In that
case, the state has to have a concurrence somewhere in
the range of the upper horizontal line in Fig. 1, that is
0.87 ≤ C ≤ 0.93. (27)
This is quite a narrow range. Hence, even if one is not
able to determine the concurrence exactly, G is still able
to limit a state to a certain range of the concurrence.
Assigning a value of C = 0.9 in the case above would, for
example, only give a maximum error of ±4% for the con-
currence. G is therefore giving more information about
a state than an entanglement witness ordinarily does.
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FIG. 2: Simulation results of measuring G for some mixed
states. The upper figure is for states with a purity of Tr
(
ρˆ2
)
=
0.46 ± 0.005 and the lower figure is for states with Tr
(
ρˆ2
)
=
0.5± 0.005.
An interesting question is, whether G can somehow be
“compensated” by the amount of mixedness, so that G
and C become a bijective map also for mixed states. We
have made some simulations with arbitrary density ma-
trices and plotted G as a function of the concurrence and
of the degree of purity, defined by Tr
(
ρˆ2
)
(see [27]). The
result can be seen in Fig. 2. If one fixes the concurrence
to a certain value and just looks at G depending on the
purity, it turns out that these simulation results cover an
area and not only a line, showing that it is impossible, to
write the measure as G = G
(C (ρˆ) , T r (ρˆ2)) and thereby
“compensating” G by the purity. However, one might
use other definitions than Tr
(
ρˆ2
)
for the mixedness to
fulfill this. This is still an open question.
V. SUMMARY AND DISCUSSION
Inspired by local uncertainty relations we have sug-
gested a measure of entanglement for two qubits, which
can quantify entanglement for pure states and can give
bounds on the entanglement of mixed states. This mea-
sure is invariant under local unitary transformations and
requires only local measurements to be implemented. It
might even be possible to get an exact quantification for
mixed states.
Further work will be focused on which properties a
generalization of our proposal would have for higher di-
mensional systems. In this connection we can refer to
Wootters [29], who showed that one can determine all
properties of a state by measuring all combinations of
local MUB eigenstate projections and the identity ma-
trix. We therefore conjecture that a generalization of our
proposed measure for higher-dimensional systems would
keep the properties like invariance under local unitary
transformations and can be useful to detect and quantify
entanglement.
In that context the number of measurement-settings
for our measure would scale substantially lower as a func-
tion of the dimensions as the number of measurement se-
tups would scale for state tomography. For multi-partite
systems a similar method may still work, but in this case
the added complication that different kinds of entangle-
ment exist makes the problem both a quantitative and a
qualitative one.
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